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OUTLOOK
• Motivation.

• Short Overview of the Nambu--Jona-Lasinio (NJL) - jet model 
and Monte-Carlo approach:

• Transverse Momentum Dependent (TMD) Fragmentation Functions (FF) 
and Parton Distribution Functions (PDF).

• Hadron Transverse Momenta in Semi-Inclusive Deep Inelastic Scattering 
(SIDIS).

• Collins fragmentation functions.

• Higher Order Collins Modulations from quark-jet 
Framework.

• Conclusions.
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• NJL provides microscopic description of  TMD PDFs and FFs!

EXPLORING HADRON STRUCTURE
A. Kotzinian, Nucl. Phys. B441, 234 (1995).

e N     e h X• Semi-inclusive deep inelastic scattering (SIDIS):

• Access to nucleon’s transverse structure.

• Cross-section factorizes: P 2
T ⌧ Q2

PT = P? + zkT

Distribution

Fragmentation
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Hadron Multiplicities 
(Preliminary)

Unfavored FFs NOT well known!

  

Comparison to parameterisations

● The existence of discrepancies 

   are evident (especially for K)

● Data can be used to improve 
    our knowledge on FFs (also 

    good for Δs) and also on poorly
    known PDFs (like s(x)) 

● It will contribute significantly 
    to our knowledge of the
    hadronisation process

From talk by Celso Franco for COMPASS at CIPANP 2012
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AVERAGE TRANSVERSE MOMENTA 

hP 2
?i ⌘

R
d2P? P 2

?D(z, P 2
?)R

d2P? D(z, P 2
?)

Using Gaussian Ansatz and:

P. Schweitzer et al.,  Phys.Rev. D81, 094019 (2010).
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2kT f(x, k2T )

�P 2
?⇥ = (0.16± 0.01) GeV2

hk2T i = (0.38± 0.06) GeV2

hp2
Ti and hK2

Ti. A fit in the region 0:2< z < 0:7 yields

hp2
Ti ¼ ð0:38# 0:06Þ GeV2;

hK2
Ti ¼ ð0:16# 0:01Þ GeV2;

(9)

with a !2 per degree of freedom of 0.44, and is shown in
Fig. 3(b) as (respectively) dotted line and shaded region.
The new values in (9) are in agreement with the results
from [29,30] quoted in (3), recalling that those numbers
have unestimated systematic uncertainties.
Finally, we turn back to the CLAS data [12] on hP2

h?ðzÞi
taken at hQ2i similar to HERMES but higher hxi ¼ 0:27.
Because of the reservations discussed in Sec. II A, we
refrain from using these data to determine the Gauss model
parameters. But it is instructive to compare the fit result
obtained from HERMES to the CLAS data; see Fig. 3(c).
Clearly, in the region above z > 0:4 where current frag-
mentation dominates at CLAS, we observe a good agree-
ment [17]. This indicates that it is the same nonperturbative
mechanism which generates intrinsic transverse momenta
in the two experiments.

C. Cahn effect at EMC

In unpolarized SIDIS the cross section differential in the
azimuthal angle " of the produced hadrons (around the
z-axis defined by the virtual photon counted from the
scattered lepton) contains a cos"- and a
cosð2"Þ-modulation. The coefficients of these modulations

define the azimuthal asymmetries Acos"
UU and Acos2"

UU [32].

At low Ph?, the observable A
cos"
UU is suppressed by 1=Q,

and factorization in not proven at twist-3 [31,33]. It was
shown that intrinsic transverse parton momenta in the
unpolarized distribution and fragmentation functions can
generate such a modulation (‘‘Cahn effect’’) [34]. Later it
became clear that, if one assumes factorization and works
at ‘‘tree-level,’’ there are further contributions to this asym-
metry, see the review [32].

The ‘‘Cahn-effect-only’’ approximations of Acos"
UU [34]

can be ‘‘rederived’’ from the TMD formalism assuming
that contributions from quark-gluon quark correlators are
small compared to quark-quark terms (see also [35–37]),
and that a contribution from the Collins effect can be
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FIG. 2 (color online). d5#=d!dEdzdP2
h? for $# production

off proton and deuterium targets at hxi ¼ 0:32 and hzi ¼ 0:55 as
function of P2

h? from Hall-C [13]. The theoretical curves are
from the Gauss model with the Gauss width fixed from CLAS
[12]. The overall normalization of the cross sections is fixed by
hand.
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FIG. 3 (color online). (a) hPh?ðzÞi (triangles) [16] and 1
2

ffiffiffiffi
$

p hP2
h?ðzÞi1=2 (squares) [14] from HERMES as functions of z. In the Gauss

model (in the indicated SIDIS range of HERMES) these quantities are predicted to coincide in Eq. (8). (b) hP2
h?ðzÞi of $#, Kþ in

SIDIS off deuterium vs z from HERMES [14]. The dotted line (shaded region) is the best fit (its 1-# region) from Eq. (9). (c) hP2
h?ðzÞi

of $þ in SIDIS off proton vs z from CLAS [12]. Dotted line (shaded region) is the best fit (1-# region) from (9). (d) Azimuthal

asymmetry Acos"
UU in charged hadron production vs z. The data are from the EMC experiment [11]. The curve is the Cahn-effect-only

approximation for this observable using the Gauss model with parameters from Eq. (9).
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Figure 8: Fitted 〈p2T 〉 vs z2 for two (Q2, xBj) intervals. The fit function is
given by equation (3). The dotted green line is the result of a fit, performed
by [3], to data from many experiments. In the present figure, the 〈p2T 〉 results
from a fit over pT < 0.85 GeV/c.
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Figure 9: Extracted 〈k2
⊥〉 vs Q2 for various xBj intervals. The dotted green

line is the result of a fit, performed by [3], to data from many experiments.
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Figure 10: Extracted 〈k2
⊥〉 vs xBj for positive and negative hadron compar-

ison. The dotted green line is the result of a fit, performed by [3], to data
from many experiments.
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Non-trivial z dependence from COMPASS: Rajotte arXiv:1008.5125
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Figure 8: Fitted 〈p2T 〉 vs z2 for two (Q2, xBj) intervals. The fit function is
given by equation (3). The dotted green line is the result of a fit, performed
by [3], to data from many experiments. In the present figure, the 〈p2T 〉 results
from a fit over pT < 0.85 GeV/c.
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Figure 9: Extracted 〈k2
⊥〉 vs Q2 for various xBj intervals. The dotted green

line is the result of a fit, performed by [3], to data from many experiments.
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NUCLEON PARTON DISTRIBUTION FUNCTIONS
• The momentum Distributions of quarks in nucleon 

can be non-isotropic once the polarization of the 
nucleon and the quarks is considered.

6

f

q
1 (x, k

2
?)

•Unpolarized quark in Unpolarized nucleon.

g

q
1L(x, k

2
?)

•Longitudinally polarized quark in Longitudinally polarized nucleon.

h

q
1T (x, k

2
?)

•Transversely polarized quark in Transversely polarized nucleon.

Chiral-odd: Suppressed in Inclusive DIS

−

−



• NEED Collins Function to access the Transversity from SIDIS!

SIDIS POLARIZED CROSS-SECTION
A. Bacchetta, JHEP08, 023 (2008).

Sivers Effect Collins Effect

7

d�

dx dy dz d�S d�h dP
2
h?

⇠ FUU,T + "FUU,L + ...

+ |S?|

sin(�h � �S)

⇣
F

sin(�h��S)
UT,T + "F

sin(�h��S)
UT,L

⌘
+ " sin(�h + �S)F

sin(�h+�S)
UT + ..

�

F
sin(�h+�S)
UT ⇠ C[h1 H?

1 ]
• Extract the specific harmonics:

chiral-odd Collins fragmentation function [8]. This Letter
presents a measurement of the associated signal.
In semi-inclusive DIS, lN → l′hX , where a hadron h is

detected in the final state in coincidence with the scattered
lepton, the cross section depends on, among other variables,
the hadron transverse momentum and its azimuthal orien-
tation with respect to the lepton scattering plane about the
virtual-photon direction. If the target is polarized and the
polarization of the final state is not measured, the semi-
inclusive DIS cross section can be decomposed in terms of
18 semi-inclusive structure functions (see, e.g, Ref. [9]).
When the transverse momentum of the produced hadron

is small compared to the hard scale Q, semi-inclusive DIS
can be described using transverse-momentum-dependent
factorization [10,11]. The semi-inclusive structure func-
tions can be interpreted in terms of convolutions involv-
ing transverse-momentum-dependent parton distribution
and fragmentation functions [12]. The former encode in-
formation about the distribution of partons in a three-
dimensional momentum space, and the latter describe the
hadronization process in a three-dimensional momentum
space. Hence, the study of semi-inclusive DIS not only
opens the way to the measurement of transversity, but
also probes new dimensions of the structure of the nu-
cleon and of the hadronization process, thus offering new
perspectives to our understanding of QCD.
When performing a twist expansion, eight semi-inclusive

structure functions contain contributions at leading order,
related to the eight leading-twist transverse-momentum-
dependent PDFs [9]. One of these structure functions is
interpreted as the convolution of the transversity distri-
bution function hq

1(x, p
2
T) (not integrated over the trans-

verse momentum) and the Collins fragmentation function
H⊥q→h

1 (z, k2T), which acts as a polarimeter being sensitive
to the correlation between the transverse polarization of
the fragmenting quark and kT [8]. Here, z in the target-
rest frame denotes the fraction of the virtual photon energy
carried by the produced hadron h, pT denotes the trans-
verse momentum of the quark with respect to the parent
nucleon direction, and kT denotes the transverse momen-
tum of the fragmenting quark with respect to the direc-
tion of the produced hadron. This structure function mani-
fests itself as a sin(φ+φS) modulation in the semi-inclusive
DIS cross section with a transversely polarized target. Its
Fourier amplitude, henceforth named Collins amplitude, is

denoted as 2〈 sin(φ+φS)〉
h

UT, where φ (φS) represents the
azimuthal angle of the hadron momentum (of the trans-
verse component of the target spin) with respect to the
lepton scattering plane and about the virtual-photon direc-
tion, in accordance with the Trento Conventions [13] (see
Fig. 1). The subscript UT denotes unpolarized beam and
target polarization transverse with respect to the virtual-
photon direction. Other azimuthal modulations have dif-
ferent origins and involve other distribution and fragmen-
tation functions. They can be disentangled through their
specific dependence on the two azimuthal angles φ and φS

k′k

ST

Ph

Ph⊥
q

φ

φS

Fig. 1. The definition of the azimuthal angles φ and φS relative to
the lepton scattering plane.

(see, e.g, Refs. [9,14,15]). Results on, e.g., the sin(φ − φS)
modulation of this data set were reported in Ref. [16].
Non-zero Collins amplitudes were previously published

for charged pions from a hydrogen target [17], based on
a small subset (about 10%) of the data reported here,
consisting of about 8.76 million DIS events. Collins am-
plitudes for unidentified hadrons were measured on pro-
tons [18] and for pions and kaons, albeit consistent with
zero, on deuterons [19–21] by the Compass collaboration.
In Refs. [22,23] the first joint extraction of the transversity
distribution function and the Collins fragmentation func-
tion was carried out, under simplifying assumptions, using
preliminary results from a subset of the present data in com-
bination with the deuteron data from the Compass collab-
oration [19–21] and e+e− annihilation data from theBelle

collaboration [24,25]. Recently, significant amplitudes for
two-hadron production in semi-inclusive DIS, which con-
stitutes an independent process to probe transversity, were
measured at the Hermes experiment [26] providing ad-
ditional evidence for a non-zero transversity distribution
function.
In this Letter, in addition to much improved statistical

precision on the charged pion results, the Collins ampli-
tudes for identified K+, K−, and π0 are presented for the
first time for a proton target. The data reported here were
recorded during the 2002–2005 running period of the Her-

mes experiment with a transversely nuclear-polarized hy-
drogen target stored in an open-ended target cell internal
to the 27.6GeV Hera polarized positron/electron storage
ring at Desy. The two beam helicity states are almost per-
fectly balanced in the present data, and no measurable con-
tribution arising from the residual net beam polarization
to the amplitudes extracted was observed. The target cell
was fed by an atomic-beam source [27], which uses Stern–
Gerlach separation combined with radio-frequency transi-
tions of hyperfine states. The target cell was immersed in
a transversely oriented magnetic holding field. The effects
of this magnetic field were taken into account in the recon-
struction of the vertex positions and the scattering angles
of charged particles. The nuclear polarization of the atoms
was flipped at 1–3 minutes time intervals, while both the
polarization and the atomic fraction inside the target cell
were continuously measured [28]. The average magnitude
of the proton-polarization component perpendicular to the
beam direction was 0.725±0.053. Scattered leptons and co-

3

•For polarized SIDIS 
cross-section  there 
are 18 terms in leading 
twist expansion:

FUU ⇠ C[f1 D1]



MODELS FOR FRAGMENTATION

8

•Lund String Model
• Very Successful implementation in JETSET, PYTHIA.
• Highly Tunable  - Limited Predictive Power.
• No Spin Effects - Formal developments by         

X. Artru et al but no quantitative results!

•Spectator Model
• Quark model calculations with empirical form factors.
• No unfavored fragmentations.
• Need to tune parameters for small z dependence.

•NJL-jet Model
• Multi-hadron emission framework with effective   

quark model input.
• Monte-Carlo framework allows flexibility in     

including the transverse momentum, spin effects, etc. 

6 M. RADICIA. Bacchetta et al. / Physics Letters B 659 (2008) 234–243 235

Fig. 1. Tree-level diagram for quark to meson fragmentation process.

from gluons. We do not want to promote the specific elements of the model as the “truth”. In fact, it is not unreasonable to expect
that the dynamical mechanism of gluon final-state interactions can be applied also in other models, leading to results similar to
ours. In the future, calculations based on such mechanism might be made more rigorous within a QCD framework.

We also present, for the first time, the Collins function for the fragmentation of quarks into kaons. This calculation is relevant
for the interpretation of recent kaon measurements done at HERMES [16] as well as COMPASS [17] and for future measurements
at BELLE and JLab.

2. Model calculation of the unpolarized fragmentation function

In the fragmentation process, the probability to produce hadron h from a transversely polarized quark q , in, e.g., the qq̄ rest
frame if the fragmentation takes place in e+e− annihilation, is given by (see, e.g., [18])

(1)Dh/q↑
(
z,K2

T

)
= D

q
1

(
z,K2

T

)
+ H

⊥q
1

(
z,K2

T

) (k̂ × KT ) · sq

zMh
,

where Mh the hadron mass, k is the momentum of the quark, sq its spin vector, z is the light-cone momentum fraction of the hadron
with respect to the fragmenting quark, and KT the component of the hadron’s momentum transverse to k. D

q
1 is the unintegrated

unpolarized fragmentation function, while H
⊥q
1 is the Collins function. Therefore, H

⊥q
1 > 0 corresponds to a preference of the

hadron to move to the left if the quark is moving away from the observer and the quark spin is pointing upwards.
In accordance with factorization, fragmentation functions can be calculated from the correlation function [19]

(2)!(z, kT ) = 1
2z

∫
dk+ !(k,Ph) = 1

2z

∑

X

∫
dξ+ d2ξT

(2π)3 eik·ξ 〈0|Un+
(+∞,ξ)ψ(ξ)|h,X〉〈h,X|ψ̄(0)Un+

(0,+∞)|0〉
∣∣
ξ−=0,

with k− = P −
h /z. A discussion on the structure of the Wilson lines, U , can be found in Ref. [19]. Here, we limit ourselves to

recalling that in Refs. [20,21] it was shown that the fragmentation correlators are the same in both semi-inclusive DIS and e+e−

annihilation, as was also observed earlier in the context of a specific model calculation [20] similar to the one under consideration
here. In the rest of the article we shall utilize the Feynman gauge, in which transverse gauge links at infinity give no contribution
and can be neglected [22–24].

The tree-level diagram describing the fragmentation of a virtual (timelike) quark into a pion/kaon is shown in Fig. 1. In the
model used here, the final state |h,X〉 is described by the detected pion/kaon and an on-shell spectator, with the quantum numbers
of a quark and with mass ms . We take a pseudoscalar pion–quark coupling of the form gqπγ5τi , where τi are the generators of
the SU(3) flavor group. Our model is similar to the ones used in, e.g., Refs. [25–28]. The most important difference from previous
calculations that included also the Collins function, i.e., those in Refs. [8–12], is that the mass of the spectator ms is not constrained
to be equal to the mass of the fragmenting quark.

The fragmentation correlator at tree level, for the case u → π+, is

(3)!(0)(k,p) = −
2g2

qπ

(2π)4

(/k + m)

k2 − m2 γ5(/k − /P h + ms)γ5
(/k + m)

k2 − m2 2πδ
(
(k − Ph)

2 − m2
s

)

and, using the δ-function to perform the k+ integration,

(4)!(0)(z, kT ) =
2g2

qπ

32π3

(/k + m)(/k − /P h − ms)(/k + m)

(1 − z)P −
h (k2 − m2)2

,

where k2 is related to k2
T through the relation

(5)k2 = zk2
T /(1 − z) + m2

s /(1 − z) + M2
h/z,

which follows from the on-mass-shell condition of the spectator quark of mass ms . We take m to be the same for u and d quarks,
but different for s quarks. Isospin and charge-conjugation relations imply

(6)Du→π+
1 = Dd̄→π+

1 = Dd→π−
1 = Dū→π−

1 ,

Fig. 3. – The spectator approximation for a parton with momentum k fragmenting into a detected
hadron with momentum Ph.

recently published [45], but it is fair to say that a full treatment of TMD evolution in
the Collins e↵ect is still missing.

3. – Models

Since the extraction of fragmentation functions from experimental data is a↵ected
by large uncertainties, as we have seen about the Collins function and, more generally,
about the KT dependence acquired by hadrons during the fragmentation, it is desirable
that this phenomenology is supported by model speculations. In the following, we sketch
three main classes of models that appeared in the recent literature.

3
.1. Spectator approximation. – The spectator approximation amounts to describe the

fragmentation as the decay of a parton with momentum k into the observed hadron h
with momentum Ph leaving a residual system in an on-shell state with momentum k�Ph

(see the diagram in Fig. 3). The latter condition grants that most of the calculations
can be performed analytically, including the expression for the o↵-shellness k2(z) of the
fragmenting parton. The drawback is that only the favoured channel can be taken into
account.

For the typical u ! ⇡+ channel, two main choices have been adopted in the literature
for the quark-pion-spectator vertex: the pseudoscalar coupling g⇡q�5 [46, 47, 48, 49, 50]
and the pseudovector coupling g⇡q�5�µPµ

h [51, 52, 48]. In all cases the coupling was
assumed to be point-like except in Refs. [50, 49], where a gaussian form factor was used
with a z-dependent cut-o↵.

Complicated objects like the Collins function appear if there are nonvanishing in-
terference diagrams involving di↵erent channels. In the spectator approximation, these
final-state interactions can be achieved by adding to the left or right side of the diagram
in Fig. 3 insertions involving pions and/or gluons. As an example, in Fig. 4 the KT - inte-

grated 1
2 -moment H

? ⇡+(1/2)
1,u (normalized to D⇡+

1,u) from Ref. [49] is plotted as a function
of z for three di↵erent hard scales and compared with the parametrization of Ref. [43],
whose statistical error is represented by the uncertainty band. The spectator results were
obtained using a pseudoscalar q⇡ coupling and gluon insertions. The model parameters
were fixed by reproducing the unpolarized D1 at the lowest available Q2 = 0.4 GeV2,
as it was extracted from e+e� data in Ref. [53]. Since the parametrization of H?

1 was
performed using SIDIS data for the Collins e↵ect at Q2 = 2.5 GeV2, the band in Fig. 4
should be compared with the dashed (green) line, showing a substantial agreement with
the spectator model.
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Figure 1. Electroweak boson ! qq̄ ! mesons.

qN ⌘ q�1 is a ”quark propagating backward in time” and kN ⌘ �k(q̄�1).

Kinematical notations :
k0 = k(q0) and k(q̄�1) are in the +ẑ and �ẑ directions respectively. For a quark, tn ⌘ knT .
For a 4-vector, a± = a0 ± az and aT = (ax, ay). We denote by a tilde the dual transverse
vector ãT ⌘ ẑ ⇥ aT = (�a

y, ax).

In Monte-Carlo simulations, the kn are generated according to the splitting distribution

dW ( qn�1 ! hn + qn) = fn(�n, t
2
n�1, t

2
n, p2

nT , ) d�n d2tn , �n ⌘ p+
n /k+

n�1 .

In particular the symmetric Lund splitting function [3],

fn � �an�1�an�1
n (1 � �an) exp

⇥�b (m2
n + p2

nT )/�n

⇤
, (3)

inspired by the string model, fulfills the requirement of forward-backward equivalence.
On can also consider [6] the upper part of Fig.1 as a multiperipheral [7] diagram

with the Feynman amplitude

Mq0+q̄�1�h1...+hN = v̄(k�1, S�1) �qN ,hN ,qN�1(kN , kN�1) �qN�1(kN�1) · · ·
· · · �q2(k2) �q2,h2,q1(k2, k1) �q1(k1) �q1,h1,q0(k1, k0) u(k0, S0) . (4)

S0 and S�1 are the polarisation vectors of the intial quark and antiquark. S2 = 1, Sz =
helicity, ST = transversity. � and � are vertex functions and propagators which depend
on the quark momenta and flavors. Note that Fig.1 is a loop diagram : k0 is an integration
variable, therefore the ”jet axis” is not really defined. Furthermore, in Z0 or �� decay,
the spins q0 and q̄�1 are entangled so that one cannot define S0 and S�1 separately.

Collins and jet-handedness e�ects. Let us first assume that the jet axis (quark
direction) is well determined :

- the Collins e�ect [1], in �q ! h+X , is an asymmetry in sin[�(S)��(h)] for a transversely
polarized quark. The fragmentation function reads

F (z, pT ; ST ) = F0(z, p
2
T ) (1 + AT ST .p̃T /|pT |) (p̃T ⌘ ẑ ⇥ pT) . (5)

2

Fig. 7. – The process e+e� ! q0q̄�1 ! h1 + h2 + . . . + hN as a recursive q ! hq0 splitting.

scattering amplitude,

�i ⇡ exp[�bh2
iT /2]

⇥
µ(h2

iT ) + i� · ẑ ⇥ hiT

⇤
,(3)

i.e. with a non-spin-flip complex function µ and a spin-flip part, b being some free
parameter. These prescriptions can be shown to respect invariance under all ”good”
transformations like rotations, boosts, and parity, all considered with respect to the jet
axis ẑ.

If Im(µ) 6= 0, this imaginary part can be shown to act as a source of transverse
polarization at step i even if the quark was unpolarized or longitudinally polarized at
step i � 1 [57]. This means also that during the cascade the helicity of a quark can be
partly converted to its transversity or viceversa. As a consequence, if Im(µ) 6= 0 one can
have for N = 1 a Collins e↵ect S1 · ẑ ⇥ h1T , and for N = 2 an iterated Collins e↵ect
with alternate sign, which could explain the experimental findings H? unf

1 ⇡ �H? fav
1

described in Sec. 2
.3 [38]. This result confirms the outcome of the Lund 3P0 string

mechanism [58]. But in addition it contains the three-particle correlation ẑ · h2T ⇥ h1T

named jet handedness [59], which is interpreted as a two-step mechanism: at i = 1, a
transverse polarization S1T k h1T is generated from the helicity S0z of previous step; at
i = 2, a Collins e↵ect takes place as ẑ·h2T ⇥S1T , which coincides with the jet handedness.

Further work is needed to promote the multiperipheral model of Ref. [57] to a real-
istic Monte Carlo event generator. For example, one should include antiquarks in the
fragmentation cascade, or explore the interference of the amplitude in Fig. 7 with dia-
grams showing di↵erently ordered N hadrons. Preliminary experimental results already
appeared for K� SIDIS production by the HERMES collaboration (an almost vanishing
Collins e↵ect [60] and a large cos 2� asymmetry in the unpolarized cross section [61])
that cannot be easily accommodated in the multiperipheral model in its present version.

4. – Di-hadron Fragmentation Functions

As already sketched in Sec. 2
.3, the extraction of the transversity parton distribution

via the Collins e↵ect su↵ers from several uncertainties and model dependencies, mostly
related to the need of dealing with TMD objects. A complementary approach is provided
by the semi-inclusive process ep" ! e0(h1h2)X where two unpolarized hadrons with

q
Q

Q’ Q’’

p



MOTIVATION
• Providing guidance based on a sophisticated model for applications 

to problems where phenomenology is difficult/inadequate.

• Unfavored fragmentation functions from the model that goes 
beyond a single hadron emission approximation.

• NO model parameters fitted to fragmentation data! 

• Automatically satisfies the sum rules.

• TMD fragmentations in the same model where structure functions 
were calculated: Full description of cross-sections. 

• Experimental hints at similar size and opposite sign of 1/2 moments 
of favored and unfavored Collins functions.  A firm theoretical 
explanation for this effect has yet to be given.
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NAMBU--JONA-LASINIO MODEL 

•Effective Quark Lagrangian

G

LNJL =  q(i/@ �mq) q +G( q� q)
2

Effective Quark model of QCD

•Low energy chiral effective theory of QCD.

•Covariant, has the same flavor symmetries as QCD.

•Dynamically Generated Quark Mass from GAP Eqn.

•Excellent description of nucleon structure along with       
the medium modifications, etc.

10

Gap Equation & Mass Generation
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● Quark propagator:
1

/p − m + iε
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● Mass is generated via interaction with vacuum
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effect of gluon cloud
Rapid acquisition of mass is

● Dynamically generated quark masses ⇐⇒ 〈ψψ〉 &= 0

● Proper-time regularization: ΛIR and ΛUV

➞ Z(p2 = M2) = 0 =⇒ No free quarks =⇒ Confinement



• TMD splittings: 

• Conserve transverse momenta at each link.

• Calculate the Number Density

TMD FRAGMENTATION FUNCTIONS FROM NJL-JET

k
k ’

p h

k

p

P

k’ z

xy

d(z, p2?)

P? = p? + zk?

Dh
q (z, P

2
?)�z ��P 2

? =

P
NSims

Nh
q (z, z +�z, P 2

?, P
2
? +�P 2

?)

NSims
.

k? = P? + k0
?

q
Q

Q’ Q’’

p
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H.M.,Bentz, Cloet, Thomas, PRD.85:014021, 2012



NJL-JET: ELEMENTARY SPLITTINGS

k

p p

k

k−p

�ij(z, p?) =
1

2Nc z

X

X

Z
d⇠+d2⇠?
(2⇡)3

eip·⇠ ⇥ h0| U
(1,⇠)  i(⇠)|h,Xi

out out

hh,X| ̄j(0)U
(0,1)

|0i
����
⇠�=0

dh/q1 (z, p2?) =
1

2
Tr

⇥
�0(z, p

2
?)�

+
⇤

• One-quark truncation of the wavefunction: dh/q1 (z) : q ! Qh
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u π+

u K+

s K-

z d
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(�1)2(sq+sh)+1

dq

d

h/q
1 (z) = C

h
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h
q

✓
x =

1

z

◆

Drell-Levy-Yan (DLY)
Relation



TMD FRAGMENTATION FUNCTIONS
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• UNFAVOREDFAVORED

⇡
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COMPARISON WITH GAUSSIAN ANSATZ

• Gaussian ansatz assumes: D(z, P 2
?) = D(z)

e�P 2
?/hP 2

?i

⇡hP 2
?i

s K+, z=0.2

D
(z

,P
2 ⊥
) /

 D
(z

)
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⊥>= 0.365 GeV2

u π+, z=0.8

D
(z

,P
2 ⊥
) /

 D
(z

)
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10−2

1

P2
⊥ (GeV2)
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⊥>= 0.148 GeV2

Gauss Fit, <P2
⊥>= 0.117 GeV2
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Results with vector mesons, N-Nbar:

Favored Unfavored
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THE TRANSVERSE MOMENTA OF 
HADRONS IN SIDIS

• Use TMD quark distribution functions from the NJL model .

k ’ z

xy
p h

k T

P

PT

k T
k

q Nucleon
PT = P? + zkT

q
Q

Q’ Q’’

p

• Evaluate the cross-section using MC simulation.

• Use Quark-jet hadronization model and NJL splittings.
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NJL: NUCLEON PDFS
• Quark-diquark description of Nucleon using relativistic Faddeev approach

p
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k k
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Nucleon in the NJL model

15 /35

● Nucleon has 3 quarks – need to solve relativistic 3-body problem
✦ very difficult to solve
✦ only include processes where 2-quarks interact at any one time
✦ quark-diquark approximation

● Solve relativistic Faddeev equation for a quark-diquark bound state.

P

k

P − k

=

P

P − k

k

● Nucleon quark distributions ⇐⇒ Feynman diagram calculation

p

p − k

k k

p

+

p
q q

q − k

kk

p − q

p

✦ [q(x),∆q(x)] ➞ X = δ
(

x − k+

p+

)

[γ+, γ+γ5]

• PDFs from Feynman diagrams
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NJL: NUCLEON PDFS - RESULTS
• Integrated PDFs

<
k2 T>
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Results: proton quark distributions
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● Empirical distributions:
✦ Martin, Roberts, Stirling and Thorne, Phys. Lett. B 531, 216 (2002).

✦ M. Hirai, S. Kumano and N. Saito, Phys. Rev. D 69, 054021 (2004).

● NJL model gives good description of free nucleon quark distributions

● Approach is covariant and satisfies all sum rules

● DGLAP equations [Dokshitzer (1977), Gribov-Lipatov (1972), Altarelli-Parisi (1977)]

∂

∂ lnQ2
q−(x,Q2) = αs(Q

2) P (z) ⊗ q−(y,Q2) [non-singlet]

• TMD PDFs
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AVERAGE  TRANSVERSE MOMENTA VS Z
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FRAGMENTATION

SIDIS
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COLLINS FRAGMENTATION FUNCTION

• Chiral-ODD: Needs to be coupled with another 
chiral-odd quantity to be observed.

• Collins Effect: 

Azimuthal Modulation of 
Transversely Polarized 
Quark’s Fragmentation 
Function.
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Dh/q"(z, P
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h/q
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zmh
sin(')

Unpolarized

Collins

H.M., Thomas, Bentz, arXiv:1205.5813, 2012



EXPERIMENTAL MEASUREMENTS IN HERMES

• SIDIS with transversely polarized target:

21

l ~p ! l0 h X

chiral-odd Collins fragmentation function [8]. This Letter
presents a measurement of the associated signal.
In semi-inclusive DIS, lN → l′hX , where a hadron h is

detected in the final state in coincidence with the scattered
lepton, the cross section depends on, among other variables,
the hadron transverse momentum and its azimuthal orien-
tation with respect to the lepton scattering plane about the
virtual-photon direction. If the target is polarized and the
polarization of the final state is not measured, the semi-
inclusive DIS cross section can be decomposed in terms of
18 semi-inclusive structure functions (see, e.g, Ref. [9]).
When the transverse momentum of the produced hadron

is small compared to the hard scale Q, semi-inclusive DIS
can be described using transverse-momentum-dependent
factorization [10,11]. The semi-inclusive structure func-
tions can be interpreted in terms of convolutions involv-
ing transverse-momentum-dependent parton distribution
and fragmentation functions [12]. The former encode in-
formation about the distribution of partons in a three-
dimensional momentum space, and the latter describe the
hadronization process in a three-dimensional momentum
space. Hence, the study of semi-inclusive DIS not only
opens the way to the measurement of transversity, but
also probes new dimensions of the structure of the nu-
cleon and of the hadronization process, thus offering new
perspectives to our understanding of QCD.
When performing a twist expansion, eight semi-inclusive

structure functions contain contributions at leading order,
related to the eight leading-twist transverse-momentum-
dependent PDFs [9]. One of these structure functions is
interpreted as the convolution of the transversity distri-
bution function hq

1(x, p
2
T) (not integrated over the trans-

verse momentum) and the Collins fragmentation function
H⊥q→h

1 (z, k2T), which acts as a polarimeter being sensitive
to the correlation between the transverse polarization of
the fragmenting quark and kT [8]. Here, z in the target-
rest frame denotes the fraction of the virtual photon energy
carried by the produced hadron h, pT denotes the trans-
verse momentum of the quark with respect to the parent
nucleon direction, and kT denotes the transverse momen-
tum of the fragmenting quark with respect to the direc-
tion of the produced hadron. This structure function mani-
fests itself as a sin(φ+φS) modulation in the semi-inclusive
DIS cross section with a transversely polarized target. Its
Fourier amplitude, henceforth named Collins amplitude, is

denoted as 2〈 sin(φ+φS)〉
h

UT, where φ (φS) represents the
azimuthal angle of the hadron momentum (of the trans-
verse component of the target spin) with respect to the
lepton scattering plane and about the virtual-photon direc-
tion, in accordance with the Trento Conventions [13] (see
Fig. 1). The subscript UT denotes unpolarized beam and
target polarization transverse with respect to the virtual-
photon direction. Other azimuthal modulations have dif-
ferent origins and involve other distribution and fragmen-
tation functions. They can be disentangled through their
specific dependence on the two azimuthal angles φ and φS

k′k

ST

Ph

Ph⊥
q

φ

φS

Fig. 1. The definition of the azimuthal angles φ and φS relative to
the lepton scattering plane.

(see, e.g, Refs. [9,14,15]). Results on, e.g., the sin(φ − φS)
modulation of this data set were reported in Ref. [16].
Non-zero Collins amplitudes were previously published

for charged pions from a hydrogen target [17], based on
a small subset (about 10%) of the data reported here,
consisting of about 8.76 million DIS events. Collins am-
plitudes for unidentified hadrons were measured on pro-
tons [18] and for pions and kaons, albeit consistent with
zero, on deuterons [19–21] by the Compass collaboration.
In Refs. [22,23] the first joint extraction of the transversity
distribution function and the Collins fragmentation func-
tion was carried out, under simplifying assumptions, using
preliminary results from a subset of the present data in com-
bination with the deuteron data from the Compass collab-
oration [19–21] and e+e− annihilation data from theBelle

collaboration [24,25]. Recently, significant amplitudes for
two-hadron production in semi-inclusive DIS, which con-
stitutes an independent process to probe transversity, were
measured at the Hermes experiment [26] providing ad-
ditional evidence for a non-zero transversity distribution
function.
In this Letter, in addition to much improved statistical

precision on the charged pion results, the Collins ampli-
tudes for identified K+, K−, and π0 are presented for the
first time for a proton target. The data reported here were
recorded during the 2002–2005 running period of the Her-

mes experiment with a transversely nuclear-polarized hy-
drogen target stored in an open-ended target cell internal
to the 27.6GeV Hera polarized positron/electron storage
ring at Desy. The two beam helicity states are almost per-
fectly balanced in the present data, and no measurable con-
tribution arising from the residual net beam polarization
to the amplitudes extracted was observed. The target cell
was fed by an atomic-beam source [27], which uses Stern–
Gerlach separation combined with radio-frequency transi-
tions of hyperfine states. The target cell was immersed in
a transversely oriented magnetic holding field. The effects
of this magnetic field were taken into account in the recon-
struction of the vertex positions and the scattering angles
of charged particles. The nuclear polarization of the atoms
was flipped at 1–3 minutes time intervals, while both the
polarization and the atomic fraction inside the target cell
were continuously measured [28]. The average magnitude
of the proton-polarization component perpendicular to the
beam direction was 0.725±0.053. Scattered leptons and co-

3

• Opposite sign for the  charged pions.
• Large positive signal for      .
• Consistent with 0 for      and       .   
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Fig. 2. Collins amplitudes for pions and charged kaons as a function
of x, z, or Ph⊥. The systematic uncertainty is given as a band at the
bottom of each panel. In addition there is a 7.3% scale uncertainty
from the accuracy in the measurement of the target polarization.

of all these effects was estimated using a Pythia6 Monte
Carlo simulation [32] tuned toHermes hadron multiplicity
data and exclusive vector-meson production data [33–35]
and including a full simulation of the Hermes spectrom-
eter. A polarization state was assigned to each generated
event using a model that reflects the (transverse target) po-
larization dependent part of the cross section (see Eq. (1)).
This model was obtained through a fully differential (i.e
differential in the four relevant kinematic variables x, Q2,
z, and Ph⊥) 2nd order polynomial fit [36,37] of real data.
The asymmetry amplitudes, extracted from the simulated
data by means of the same analysis procedure used for the
real data, were then compared with the model, evaluated
in each bin at the mean kinematics, to obtain an estimate
of the global impact of the effects listed above. The result
was included in the systematic uncertainty and constitutes
the largest contribution. It accounts for effects of nonlin-
earity of the model, as it includes the difference in each bin
between the average model and the model evaluated at the
average kinematics. The impact on the extracted ampli-
tudes of contributions [30] from the non-vanishing longitu-
dinal target-spin component was estimated based on previ-

ous measurements of single-spin asymmetries for longitu-
dinally polarized protons [38,39]. The resulting relatively
small effect was included in the systematic uncertainty.
A Monte Carlo simulation was used to estimate the frac-

tion of pions and kaons originating from the decay of ex-
clusively produced vector mesons, updating previous re-
sults reported in Ref. [40]. For charged pions, this fraction
is dominated by the decay of ρ0 mesons and, in the kine-
matic region covered by the present analysis, is of the or-
der of 6-7%. The vector-meson fractions for neutral pions
and charged kaons are of the order of 2-3%. The z and Ph⊥

dependences of the fraction of pions and kaons stemming
from the decay of exclusively produced vector mesons are
shown in [16] for the two kinematic regions Q2 < 4 GeV2

and Q2 > 4 GeV2 (the x dependence was not reported due
to the strong correlation between x and Q2 in the data).
They exhibit maxima at high z and low Ph⊥. These con-
tributions are considered part of the signal and were not
used to correct the pion and kaon yields analysed in the
present work. However, this information can be useful for
the interpretation of the results.
In general, the non-vanishing amplitudes shown in Fig. 2

increase in magnitude with x. This is consistent with the
expectation that transversity mainly receives contributions
from the valence quarks. A non negligible contribution from
the sea quarks cannot be excluded, but is not expected to
be large due to the fact that transversity cannot be gener-
ated in gluon splitting. The amplitudes are also found to
increase with z, in qualitative agreement with the results
for the Collins fragmentation function from the Belle ex-
periment [24,25]. The results of Fig. 2 also show that the
π− amplitude is of opposite sign to that of π+ and larger in
magnitude. A possible explanation is dominance of u fla-
vor among struck quarks, in conjunction with a substantial
magnitude with opposite sign of the disfavoredCollins frag-
mentation function describing, e.g, the fragmentation of u
quarks into π− mesons, as already suggested in Ref. [17].
Opposite signs for the favored and disfavored Collins frag-
mentation functions are not in contradiction to the Belle

results [24,25] and are supported by the combined fits re-
ported in [22]. They can be understood in light of the
string model of fragmentation [41] (and also of the Schäfer–
Teryaev sum rule [42]). If a favored pion is created at the
string end by the first break, a disfavored pion from the next
break is likely to inherit transverse momentum in the op-
posite direction. The string fragmentation model, the base
of the successful and widespread Jetset generator [43],
predicts such a Ph⊥ strong negative correlation between
favored and disfavored pions.
Under the assumption of isospin symmetry, the fragmen-

tation functions for neutral pions are assumed equal to the
average of those for charged pions. Factorization of the
semi-inclusive cross section results in the following isospin
relation for the Collins amplitudes for pions:

〈sin(φ+ φS)〉
π+

UT + C〈sin(φ+ φS)〉
π−

UT

− (1 + C)〈sin(φ+ φS)〉
π0

UT = 0 ,
(5)

5

Airapetian et al, Phys.Lett. B693 (2010) 11-16.

hsin(�+ �S)ihUT ⇠
C[hq

1 H
?h/q
1q ]

C[fq
1 D
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1 ]



COLLINS FRAGMENTATION FUNCTION

• Model Calculated Elementary Collins Function as Input

• Extend the NJL-jet Model to Include the Quark’s Spins.

• Collins Effect: 
Azimuthal Modulation of the Fragmentation Function
of a Transversely Polarized Quark.

Dh/q"(z, P
2
?,') = D

h/q
1 (z, P 2

?)

�H
?h/q
1 (z, P 2

?)
P?Sq

zmh
sin(')
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ELEMENTARY POLARIZED SPLITTINGS
• One-quark truncation of the wavefunction:

k

p p

k

k−p

k− l

p p

k

k−pl

✏ijT p?j

zmh
Ĥ?

1 (z, p2?) = Tr[�0(z,p
2
?)ı�

i��5]dh/q1 (z, p2?) =
1

2
Tr

⇥
�0(z, p

2
?)�

+
⇤

Bacchetta et. al., Phys. Lett. B659, 234 (2008).
Gamberg et. al.,Phys.Rev. D68, 051501 (2003).
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QUARK SPIN FLIP PROBABILITY
• Consider Elementary Splitting.

��Ū
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• Approximation: only tree-level amplitude!

• Use Lepage-Brodsky Spinors in helicity base to construct the 
transversely polarized quark spinors:

• Where Pauli-Lubanski vector as Lorentz-covariant spin operator:

• The corresponding matrix elements between in and out states:  
out

= a1 U1(l,M2) + a�1 U�1(l,M2)

|a1|2 ⇠ l2
x

, |a�1|2 ⇠ l2
y

+ (M2 � (1� z)M1)
2

• Spin non-flip and flip probabilities are proportional to:

Ū�(k,m)U�0(k,m) = ��,�02m

Y. V. Kovchegov and M. D. Sievert (2012), 1201.5890.
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MC SIMULATIONS

• MC Simulations to Calculate the Average Number Density

25
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NSims

• Simulation Parameters:

• Discretize             ,               and               with                  .

• Number of emitted hadrons in each decay chain:                         .

• Toy model simulation:                         and number of decay chains:                   .

• Full model simulation:                         and number of decay chains:                   .NSims = 1012

NLinks = {1, 2, 6}

{u, d, s} ! {⇡,K}

NBins = 100z 2 [0, 1] P 2
? 2 [0, 1] ' 2 [0, 2⇡)

NSims = 1011{u, d} ! {⇡}

• Simulation Time for the Full Model ~ 10 days on 50 cores of Intel 
Core i7-920 CPUs.
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INTEGRATED POLARIZED FRAGMENTATIONS

• First: Integrate Polarized Fragmentations over 
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1/2 MOMENT OF COLLINS FUNC.
u ! ⇡ u ! K
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1/2 MOMENT OF COLLINS FUNC.
•Collins

•Ratio
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ROLE OF THE QUARK SPIN FLIP

• EMPLOY A TOY MODEL TO STUDY THE SPIN FLIP EFFECTS

d(toy)
h/q

" (z, p
2
?) = dh/q1 (z, p2?)(1 + 0.9 sin')

• Set the Quark Spin Flip Probability as a Constant: SF

• Simulations with only light quarks to pions: {u, d} ! ⇡±,0

• Preferential Quark Spin Flip is ESSENTIAL to Generate Opposite 
Signed  Collins 1/2 Moments!
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TMD FRAGMENTATION FUNC. FOR PION

• Ratio• Unpolarized • Collins

z = 0.1

z = 0.7
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TMD FRAGMENTATION FUNC. FOR KAONS

z = 0.1

z = 0.7
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TMD FRAGMENTATION FUNC. FOR S
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GLOBAL FITS TO EXPERIMENTAL DATA

33

Anselmino  et al., Nuclear Physics B (Proc. Suppl.) 191 (2009) 98–107.
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Figure 5. The transversity distribution functions
for u and d flavours as determined by our global
fit, at Q2 = 2.4 GeV2; we also show the Sof-
fer bound [46] (highest or lowest lines) and the
(wider) uncertainty bands of our previous extrac-
tion [20].

As it is well known, in a non relativistic the-
ory the helicity and the transversity distributions
should be equal. We then show in Fig. 7 the
extracted transversity distribution together with
the helicity distribution of Ref. [38] at Q2 = 2.4
GeV2. It results that, both for u and d quarks,
we have |∆T q| < |∆q|.

Another interesting quantity, related to the
first x-moment of the transversity distribution,
is the tensor charge:

δq =

∫ 1

0
dx (∆T q − ∆T q̄) =

∫ 1

0
dx∆T q (20)

where the last equality is valid for zero antiquark
transversity, as assumed in our approach. From
our analysis we get, at Q2 = 0.8 GeV2,

δu = 0.54+0.09
−0.22 δd = −0.23+0.09

−0.16 . (21)

Such values are quite close to various model pre-
dictions [47–50] for tensor charges which span the
ranges 0.5 ≤ δu ≤ 1.5 and −0.5 ≤ δd ≤ 0.5 (see
Fig. 8). In this context it is worth mentioning a
subtle point concerning the strong scale depen-
dence of the tensor charge, recently addressed in
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Figure 6. Favoured and unfavoured Collins frag-
mentation functions as determined by our global
fit, at Q2 = 2.4 GeV2; we also show the positiv-
ity bound and the (wider) uncertainty bands as
obtained in Ref. [20].
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Figure 7. Comparison of the extracted transver-
sity (solid line) with the helicity distribution
(dashed line) at Q2 = 2.4 GeV2. The Soffer
bound [46] (blue solid line) is also shown.

Ref. [51]. For the effective models of baryons, as
those referred to above, the choice of their start-
ing energy scale and their Q2 evolution could play

M. Anselmino et al. / Nuclear Physics B (Proc. Suppl.) 191 (2009) 98–107104

Dh/q
1 (z, p?) ⇠

e�p2
?/<p2

?>

⇡ < p2? >

�NDh/q"(z, p?) ⇠
p?
M

e�p2
?/M2 e�p2

?/<p2
?>

⇡ < p2? >

Using Gaussian Ansatz:
Parametrizations and the fits.

D⇡+/u,d̄ = D⇡�/d,ū = Dfav

D⇡+/d,ū = D⇡�/u,d̄ = D⇡±/s,s̄ = Dunf

Consider          and SIDISe+e�
BELLE, R. Seidl et al., Phys. Rev. D78 (2008) 032011. 

HERMES, M. Diefenthaler, Proc. of DIS2007 (2007).
COMPASS, M. Alekseev et al., arXiv:0802.2160.



THE SCHÄFER-TERYAEV SUM RULE

• Naïve Schäfer-Teryaev Sum Rule: 

Transverse Momentum Conservation of Produced Hadrons.  

A. Schafer and O. Teryaev, Phys.Rev. D61, 077903 (2000)

STq ⌘
X

h

Z 1

0
dz H

?(1)
1,(h/q)(z) = 0 H

?(1)
1,(h/q)(z) ⌘ ⇡

Z 1

0
dP 2

?
P 2
?

2zmh
H

?h/q
1 (z, P 2

?)

• Need Quark to Quark Contribns.: 

Include the Transverse Momentum of the Remnant Quark.  

S. Meissner, A. Metz, and D. Pitonyak, Phys.Lett. B690, 296 (2010)

X

h

Z
dz H

?(1)
1,(h/q)(z) +

X

Q

Z
dz 2H?(1)

1,(Q/q)(z) = 0

• In Our Results the Sum Rule is NOT Satisfied: 

Transverse Momentum Conservation is Explicitly Enforced.  

STu = 0.07 STs = 0.21
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DEPENDENCE ON CHAIN CUTOFF
• Restrict the number of emitted hadrons,            in MC.

z D
π+ u
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Splitting Function
Integral Equations
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NLinks

• We reproduce the splitting function and the full solution perfectly.

• The low z region is saturated with just a few emissions.
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HIGHER ORDER COLLINS 
MODULATIONS IN TRANSVERSELY 

POLARIZED QUARK FRAGMENTATION
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HIGHER ORDER COLLINS MODULATIONS
• TMD                         Exhibit Higher Order Modulations.Dh/q"(z, P
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FITS TO HIGHER ORDER COLLINS MODULATIONS

• Extracted Coefficients from Fits:

• Histogram of             extracted from 
fits to ALL slices of     and       using 
polynomial forms of various orders.

• Total: 7x104 fits for             !

�2/NDF

z P 2
?

u ! h
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• Test Higher Order Polynomial in            : sin'
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WHAT IS THE SOURCE OF THE MODULATIONS ?

•EMPLOY A TOY MODEL TO STUDY THE SPIN FLIP 
EFFECTS

•Use a very Large Elementary Collins Function

•Set the quark spin flip constant to maximum: 

•Simulations with only light quarks to pions:

d(toy)
h/q

" (z, p
2
?) = dh/q1 (z, p2?)(1 + 0.9 sin')

SF = 1

{u, d} ! ⇡±,0
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WHAT IS THE SOURCE OF THE MODULATIONS ?

• Employ the histograms for                from fits:�2/NDF

NLinks = 2 NLinks = 3 NLinks = 6

z = 0.3

• Sample for                   and NLinks = 2u ! ⇡+
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• At each hadron emission:

MODULATION SOURCE I: QUARK RECOIL

• For  the TOY MODEL, with each additional hadron emission the 
modulation increases by one order.

• This can be attributed to the modulation of the remnant quark 
through recoil transverse momentum:

k
k ’

p h

k

p

P

k’ z

xy

k? = P? + k0
?

P? = p? + zk?

• Thus the hadrons emitted in n-th step acquire             modulationsinn '
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MODULATION SOURCE II: QUARK SPIN FLIP

• In the Full Model with R hadrons emissions: 

• The Full Model Exhibits 4-th Order Modulations with NLinks = 2

• The Remaining 2 Orders in Full Model attribute to SF

• Easy to See From:

SF ⇠ l2y + (M2 � (1� z)M1)
2

ly = �py = �p? sin'
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CONCLUSIONS
• We extended NJL-jet Model to describe the Collins effect using our 

Monte Carlo Framework.

• We presented the first model calculations of Unfavored and Favored 
Collins FFs with NO fitted parameters to fragmentation data!

• The Resulting 1/2 Moments of Unfavored Collins Functions of 
opposite sign to that of Favored Collins Function.

• Remnant quark spin flip - a KEY to generating Unfavored Collins FF.

• Naïve Schäfer-Teryaev Sum Rule does NOT hold in our model: the 
final remnant quark posses significant transverse momentum.

• We Found Higher Order Collins Modulations in TMD Polarized FFs: a 
direct consequence of multi-hadron emission in quark-jet 
hadronization framework. 

• QCD evolution of Collins function is not known yet!
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Thanks!
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BACK-UP SLIDES



SIDIS Cross Section (lower twists) 

03 June 2012 / CIPANP E. Cisbani: Transversity @ Hall A/JLab 1 

Bacchetta et al. arXiv:hep-ph/0611265 

Proper exp. configuration and get 
asymmetries one is interested in. 
E.g. with transverse target polarization: 
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Slide Courtesy of E. Cisibani

18 Structure 
Functions!



TOY MODEL RESULTS

NLinks = 6 NLinks Dependence

d(toy)
h/q

" (z, p
2
?) = dh/q1 (z, p2?)(1 + 0.1 sin')
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TOY MODEL RESULTS

NLinks = 6 NLinks Dependence

d(toy)
h/q

" (z, p
2
?) = dh/q1 (z, p2?)(1 + 0.1 sin')
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Probability of Momentum fraction
 y is transferred to jet at step 1

The probability scales 
with mom. fraction

The probability of finding 
mesons m with mom. fraction 

z in a jet of quark q

Probability of emitting the meson 
at link 1

Dm
q (z)dz = d̂m

q (z)dz +
Z 1

z
d̂Q

q (y)dy · Dm
Q (

z

y
)
dz

y

 THE QUARK JET MODEL

q Q Q’ Q’’

Field, Feynman, Nucl.Phys.B136:1,1978.

Assumptions:

• Number Density 
interpretation

• No re-absorption

• ∞ hadron emissions

49



SOLUTIONS OF THE 
INTEGRAL EQUATIONS
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• Simulate decay chains to extract number densities.

• Allows for inclusion of  TMD and experimental cut-offs. 

• Numerically trivially parallelizeable (MPI, GPGPU).

MONTE-CARLO (MC) APPROACH
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H.M., Thomas, Bentz, PRD.83:114010, 2011
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FRAGMENTATIONS FROM MC
• Assume Cascade process:

• Sample the emitted hadron 
according to splitting weight. 

• Randomly sample z from input 
splittings.

• Evolve to sufficiently large number 
of decay links.

• Repeat for decay chains with the 
same initial quark.

q Q Q’ Q’’

Dh
q (z)�z =

⌦
Nh

q (z, z +�z)
↵
⌘

P
NSims

Nh
q (z, z +�z)

NSims
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• Calculate quark splittings to vector mesons, Nucleon Anti-
Nucleon: 

MORE CHANNELS

dPh!h1,h2
(z1) =

(
C

h1h2
h
8� dz1 if z1z2 m2

h � z2m2
h1 � z1m2

h2 � 0; z1 + z2 = 1,

0 otherwise.

• Add the decay of the resonances:

• Decay cross-section in light-front variables:

h = ⇢0, ⇢±,K⇤0,K
⇤0
,K⇤±,�, N, N̄

dhq (z)
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Results: Momentum Fractions
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Results: Momentum Fractions
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Results: Momentum Fractions
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The Momentum (and Isospin) sum rules satisfied within numerical precision (less than 0.1 %)!
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Results: Fragmentations to All Hadrons
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CROSS-CHECK OF MC FRAMEWORK
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Impact on Extraction of ΔsHadron Multiplicities 
(Preliminary)

Unfavored FFs NOT well known!
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Comparison to parameterisations

● The existence of discrepancies 

   are evident (especially for K)

● Data can be used to improve 
    our knowledge on FFs (also 

    good for Δs) and also on poorly
    known PDFs (like s(x)) 

● It will contribute significantly 
    to our knowledge of the
    hadronisation process

  

Δs dependence on FFs

● The relation between the semi-inclusive asymmetries and Δs depends only on the 

following ratios:

● Determination of R
SF

 from hadron multiplicities on the way
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From talk by Celso Franco for COMPASS at CIPANP 2012



DIRECT EXPERIMENTAL CONFIRMATION

58

BELLE, R. Seidl et al.,Phys.Rev.Lett. 96, 232002 (2006).

e+e� ! h1h2X
5

FIG. 2: Definition of the azimuthal angles φ1 and φ2 of the
two hadrons, between the scattering plane and their transverse
momenta Phi⊥ around the thrust axis n̂. The angle θ is defined
as the angle between the lepton axis and the thrust axis.

momentum of the quark-antiquark pair is known. The
quark directions are, however, not accessible to a direct
measurement and are thus approximated by the thrust
axis. The thrust axis n̂ maximizes the event shape vari-
able thrust:

T
max
=

∑

h |PCMS
h

· n̂|
∑

h |PCMS
h |

, (3)

where the sum extends over all detected particles. The
thrust value varies between 0.5 for spherical events and
1 for tracks aligned with the thrust axis of an event. The
thrust axis is a good approximation to the original quark-
antiquark axis as described in Section III A. The first
method of accessing the Collins asymmetry, M12 is based
on measuring a cos(φ1 + φ2) modulation of hadron pairs
(N(φ1 + φ2)) on top of the flat distribution due to the
unpolarized part of the fragmentation function. The un-
polarized part is given by the average bin content 〈N12〉.
The normalized distribution is then defined as

R12 :=
N(φ1 + φ2)

〈N12〉
. (4)

The corresponding cross section is differential in both az-
imuthal angles φ1,φ2 and fractional energies z1,z2 and
thus reads [25]:

dσ(e+e− → h1h2X)

dΩdz1dz2dφ1dφ2
=

∑

q,q̄
3α2

Q2

e2
q

4 z2
1z

2
2

{

(1 + cos2 θ)Dq,[0]
1 (z1)D

q,[0]
1 (z2)

+ sin2 θ cos(φ1 + φ2)H
⊥,[1],q
1 (z1)H

⊥,[1],q
1 (z2)

}

, (5)

where the summation runs over all quark flavors acces-
sible at the center-of-mass energy. Antiquark fragmen-
tation is denoted by a bar over the corresponding quark

FIG. 3: Definition of the azimuthal angle φ0 formed between
the planes defined by the lepton momenta and that of one
hadron and the second hadron’s transverse momentum P ′

h1⊥

relative to the first hadron.

fragmentation function; the charge-conjugate term has
been omitted. The fragmentation functions do not ap-
pear in the cross section directly but as the zeroth ([0])
or first ([1]) moments in the absolute value of the corre-
sponding transverse momenta [26]:

F [n](z) =

∫

d|kT |2
[

|kT |
M

]n

F (z,k2
T ) . (6)

In this equation the transverse hadron momentum
has been rewritten in terms of the intrinsic transverse
momentum of the process: Ph⊥ = zkT . The mass M is
usually set to be the mass of the detected hadron, in the
analysis presented here M will be the pion mass.

A second way of calculating the azimuthal asymme-
tries, method M0, integrates over all thrust axis direc-
tions leaving only one azimuthal angle. This angle is de-
fined as the angle between the planes spanned by one
hadron momentum and the lepton momenta, and the
transverse momentum of the second hadron with respect
to the first hadron momentum. This angle in the opposite
jet hemisphere is displayed in Fig. 3, and is calculated as

φ0 = sgn [Ph2 · {(ẑ × Ph2) × (Ph2 × Ph1)}]

× arccos

(

ẑ × Ph2

|ẑ × Ph2|
·

Ph2 × Ph1

|Ph2 × Ph1|

)

. (7)

The corresponding normalized distribution R0, which is
defined as

R0 :=
N(2φ0)

〈N0〉
, (8)

contains a cos(2φ0) modulation. The differential cross
section depends on fractional energies z1, z2 of the two
hadrons, on the angle φ0 and the transverse momentum
QT = |qT | of the virtual photon from the e+e− annihila-
tion process in the two hadron center-of-mass system. At

yield. A MC comparison of thrust axis calculations using
reconstructed and generated tracks shows an average an-
gular deviation between the two of 75 mrad, with a spread
with a root mean square of 74 mrad. This smearing of the
reconstructed axis leads to a reduction in the measured
azimuthal asymmetry, as discussed below.

Two experimental methods are used to measure azimu-
thal asymmetries. The first method (M12) gives rise to the
cos!!1 "!2#modulation in the dihadron yields. The yield
is recorded as a function of the hadron angle sum!1 "!2,
N12 $ N12!!1 "!2# and divided by the average yield to
obtain the normalized rate R12 :$ N12!!1 "!2#=hN12i,
parametrized by R12 $ a12 cos!!1 "!2# " b12. Here a12

is a function of the first moment (H?q;%1&1 ) of the Collins
function [10]

a12!"; z1; z2# $
sin2"

1" cos2"
H?q;%1&1 !z1# !H?q;%1&1 !z2#

Dq
1!z1# !Dq

1!z2#
; (2)

where " is the angle between the incoming lepton axis and
the thrust axis. An alternative method (M0) does not rely on
knowledge of the thrust axis: Yields are measured as a
function of!0, the angle between the plane spanned by the
momentum vector of the first hadron and the lepton mo-
menta and the plane defined by the two hadron momenta.
The corresponding normalized rate R0 $ N0!2!0#=hN0i is
a function of cos!2!0# and (following Ref. [11]) can be
parametrized as a0 cos!2!0# " b0, with

a0!"2; z1; z2# $
sin2"2

1" cos2"2

f!H?q1 !z1# !H?q1 !z2#=M1M2#
Dq

1!z1# !Dq
1!z2#

:

(3)

f denotes a convolution over the transverse hadron mo-
menta. M1 and M2 are the masses of the two hadrons, z1
and z2 are their fractional energies, and "2 is the angle
between the beam axis and the second hadron momentum.
The sin"2 dependence reflects the probability of finding the

two initial quarks with transverse spin. !Dq
1!z# and !H?q1

denote fragmentation functions for antiquarks.
To reduce hard gluon radiation, a two-jet-like topology

is enforced by requiring a thrust value T > 0:8, calculated
from all charged and neutral particles with momentum
exceeding 0:1 GeV=c. The following selection criteria
were imposed on the charged pions used in the analysis
methods M12 and M0: (i) Tracks are required to originate
from the collision vertex and to lie in a fiducial region
'0:6< cos!"lab#< 0:9, where "lab is the polar angle in the
laboratory frame. (ii) A likelihood ratio is used to separate
pions from kaons [5]: L!##=%L!K# "L!##&> 0:7. MC
studies show that less than 10% of pairs have at least one
particle misidentified. (iii) We require z1; z2 > 0:2, to re-
duce decay contributions to the pion yields. In addition, we
require the visible energy in the detector to exceed 7 GeV.
(iv)(a) The tracks must lie in opposite jet hemispheres:
!Ph1 ( n̂#!Ph2 ( n̂#< 0. (iv)(b)QT is the transverse momen-
tum of the virtual photon from the e"e' annihilation in the
rest frame of the hadron pair [11]. We require QT <
3:5 GeV=c, which removes contributions from hadrons
assigned to the wrong hemisphere.

The analysis is performed in !z1; z2# bins with bounda-
ries at zi $ 0:2, 0.3, 0.5, 0.7, and 1.0, where complemen-
tary off-diagonal bins !z1; z2# and !z2; z1# are combined. In
each !z1; z2# bin, normalized rates R12 and R0 are evaluated
in 8 bins of constant width in the angles !1 "!2 and 2!0,
respectively, and fitted with the functional form introduced
above. Results in the lowest !z1; z2# bin are shown in Fig. 2.
In both methods, the constant term (b12 or b0) is found to
be consistent with unity for all bins.

In addition to their sensitivity to the Collins effect, R12
and R0 have contributions from instrumental effects and
QCD radiative processes: These are charge independent
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FIG. 2 (color online). Top: Unlike-sign (U) and like-sign (L)
pion pair normalized rate R0 vs 2!0 in the bin z1!z2# 2
%0:5; 0:7&, z2!z1# 2 %0:3; 0:5&. Bottom: Pion pair double ratio
RU0 =R

L
0 vs 2!0 in the same bin. The solid and dashed lines

show the results of the fit described in the text.
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FIG. 1 (color online). Definition of the azimuthal angles of the
two hadrons. In each case, !i is the angle between the plane
spanned by the lepton momenta and the thrust axis n̂ and the
plane spanned by n̂ and the hadron transverse momentum Phi?.
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a0(✓2, z1, z2) =
sin

2 ✓

1 + cos

2 ✓

f(H?
1,q(z1)H

?
1,q̄(z2))

Dq
1(z1)D

q̄
1(z2)

R0 = a0 cos(2�0) + b0

R0 = N0(2�0)/< N0 >


